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The paper refers to the second-order spin-hamiltonian formalism, recently proposed by the 
author, describing the EPR properties of an exchange-coupled pair of orbitally not degenerate 
ions in the limit of strong isotropic exchange (higher-order effects such as biquadratic exchange 
or exchange striction are considered neglectable). Tables of numerical values for the relevant 
coefficients involved are given. This allows to write immediately the effective spin operators 
spanning each total spin multiplet which arises from the coupling between the ions. Explicit 
formulas for the recurrently encountered cases of pairs where 5, = S2 = 3/2 or 5, = 5/2 and 
S2 = 1/2 or 5, = 1 and S2 = 1/2 are deduced. Some salient features of these, concerning the 
second-order contributions to the zero-field splitting, are discussed in the light of available 
experimental data. The conclusions drawn seems to encourage a more extensive use of the model. 

Recently we have proposed a sp in-hami l ton ian 
formalism in order to describe a system of two 
paramagnetic ions in singlet orbital ground-s ta tes 
and strongly interacting by isotropic exchange [1] 
(a brief summary is given in the Appendix) . It 
consists of effective spin-hamil tonian opera tors 
which span the single multiplets of the total spin 
arising f rom the coupling between the ions and 
therefore appears to be part icularly useful in the 
analysis of the electron paramagnet ic resonance 
(EPR) spectra of coupled system where, due to the 
energy values involved (strong exchange l imit) and 
to the magnetic dipole selection rules, mic rowave 
transitions can only occur between levels belonging 
to the same total spin multiplet . 

This formalism has sensibly larger appl icabi l i ty 
than previous well known similar models [ 2 - 4 ] , In 
fact, it assumes contemporaneously arbi t rary spin 
values 5 , and S2 for the two ions, a general tensorial 
form for all contributions to the pair energy, and 
second-order perturbat ive approximat ion of the 
zero-field terms with respect to J 5 , • S2. Owing to 
the generality, however, the resulting expression is 
somewhat cumbersome [5], The second-order cor-
rections, in particular, depend on a lot of coeff i -
cients of which general implicit expressions were 
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given. These, moreover, contain terms which in 
special cases have to be ignored. All that may 
appear inconvenient for the practical use of experi-
mentalists. 

In view of the interest shown, in the present paper 
numerical values for the coefficients are given in a 
number of cases of practical interest. Explicit 
second-order formulas for some recurrent types of 
exchange-coupled pairs are also written and, when 
possible, briefly discussed in the light of the 
available experimental data. The cited coefficients 
are defined as follows: 

i = [ 5 ( 5 + l) + 5 , ( 5 , + 1) 

- 5 2 ( 5 2 + l ) ] / 2 5 ( 5 + 1 ) , ( l a ) 

/ ? = [ 5 ( 5 + l ) - 5 , ( 5 , + l) 

+ 5 2 ( 5 2 + l ) ] / 2 5 ( 5 + 1) , ( l b ) 

Ö2 = (S- l , 5 ) 2 + ( 5 , 5 + l ) 2 , ( l c ) 

y = ( 5 + 1)(S, s+ \)2-S(S- \,S)2, ( I d ) 

£ = [ 5 , ( 5 , + l ) - 5 2 ( 5 2 + i)] 

• [ ( 5 . 5 + l ) 2 / 5 — ( 5 — 1, 5 ) 2 / ( 5 + 1)], ( l e ) 

c = ( 5 + 2) (5, 5 + l ) 2 - ( 5 - 1 ) ( 5 - 1, 5 ) 2 , ( 1 0 

n = [5, (5 , + 1) — 5 2 ( 5 2 + l)]2 

• [ (5 — 2) ( 5 — 1, 5 ) 2 / ( 5 - l ) 2 ( 5 + l ) 2 

- ( 5 + 3 ) (5. 5 + 1 ) 2 /S 2 ( 5 + 2)2] 

+ ( 2 5 + 5) (5. 5 + l)2 ( 5 + 1, 5 + 2)2 

- ( 2 5 - 3 ) ( 5 - 2 , 5 - l ) 2 ( 5 - 1 , 5 ) 2 , ( l g ) 
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= ( 5 - 2 ) ( 5 - 1, 5 ) 2 - ( 5 + 3) ( 5 , 5 + l ) 2 , ( l h ) 

H = [ 5 , ( 5 , + l ) - 5 2 ( 5 2 + l ) ] 

• [ ( 5 - 2 ) ( 5 - l , 5 ) 2 / ( 5 - 1) ( 5 + 1) 

— ( 5 + 3 ) (5 , 5 + 1 ) 2 / 5 ( 5 + 2 ) ] , ( l i ) 

v = [ 5 , ( 5 , + l ) - 5 2 ( 5 2 + l ) ] 2 

•[(5, 5 + l ) 2 / 5 2 ( 5 + 1) ( 5 + 2)2 

- ( 5 , 5 - l ) 2 / ( 5 - l ) 2 5 ( 5 + l)2] 

+ ( 5 - 2 , 5 - l ) 2 ( 5 - 1, 5 ) 2 / ( 2 5 - 1) 

- (5, 5 + 1 ) 2 / ( 5 + 1 , 5 + 2) 2 / (2 5 + 3 ) , (11) 

C = (5, 5 + l ) 2 / ( 5 + 1 ) - ( 5 - 1, S)2/S , (1 m) 

Q = [5] (5) + 1) — 5 2 ( 5 2 + 1)] 

• [(5, 5 + l ) 2 / 5 ( 5 + 1) ( 5 + 2) - ( 5 - 1, 5 ) 2 / 

• ( 5 - 1 ) 5 ( 5 + 1 ) ] , ( I n ) 

where 

( 5 — 1, 5 ) 2 = (5, 5 — l ) 2 (2) 

_ [ 5 2 - ( 5 1 - 5 2 ) 2 ] [ (5 1 + 5 2 + l ) 2 - 5 2 ] . 

4 5 2 ( 2 5 — 1) ( 2 5 + 1) 

5 is the total spin q u a n t u m n u m b e r characteristic of 
each single mult iplet and covers the values 
51 — 5 2 j , . . . , 5] + 5 2 . 

All terms which, depending on the par t icular 
value of 5, become undefined (as fractional te rms 
with zero denomina tor and factors (5 ' , 5 " ) where 
either 5 ' or 5 " exceeds the allowed range of total 
spin values) have to be considered null. 

Numerical values of the coefficients are repor ted 
in Tables I and II for a number of cases of practical 
interest. They are given in form of rational number s 
as usual in earlier tables about the same topic [4, 6], 
Values in brackets correspond to contr ibut ions 
which become null in the l imit cases 5 = 1 / 2 
and 3/2. 

One notes that there are cases in which some 
coefficients become zero, see for example (a2 — 52) 
and ( ß 2 - <52) in correspondence of 5! = 5 2 = 3/2, 
5 = 2. This fact has not a part icular meaning in it-
self, but it may represent a for tunate circumstance. 
Thus, for a coupled pai r where 5] = 5 2 = 3/2 we can 
estimate first-order values for the anisotropic inter-
action (dipolar or pseudopolar in origin) directly 
from the EPR spectra relative to only the 5 = 2 
multiplet [7], To this fact we can also ascribe that 

the observed spectral resolution normal ly is bet ter 
for 5 = 2 than for 5 = 3 [8, 9], 

In the past, second-order fo rmulas and coeffi-
cients have been given for the special case of two 
identical ions interacting by purely isotropic 
exchange [4] (5i = 5 2 , Z), = Z)2, Q = 0, A = 0, in our 
notation). In that case use was m a d e of a zero-field 
spin-hamiltonian form in terms of the so-called 
equivalent operators O^, O^, O4, O4. W h e n 
transformation to this fo rm is made , f rom Table I 
and II coincident expressions are obta ined . 

As an application of the theory we deduce the 
second-order spin-hamil tonian opera tors for three 
cases of exchange-coupled pairs, one with 
5! = 5 2 = 3 / 2 , another with 5i = 5 /2 and 5 2 = 1/2, 
and the last one with 5] = 1 and 5 2 = 1/2. Repre-
sentative exponents of these families, for ions in 
distorted octahedral field, are for example the pairs 
C r 3 + - C r 3 + , M n 2 + - C u 2 + and N i 2 + - C u 2 + , the 
magnetic propert ies of which have in the last years 
been considered with increasing interest [4, 7, 10, 
11]. In the first case one has four total spin states 
corresponding to 5 = 0 , 1, 2, 3. If we m a k e the 
assumption of a centrosymmetr ic pai r (g\ = g2 = g, 
D\ = D2 — D and Q= 0) with no hyper f ine inter-
action, the traceless single-mult iplet hami l ton ians 
(apart f rom the trivial case 5 = 0) result as follows 

5 = 1 , ^ s = p B H - g - S + S - \ - ^ = - D + ^ a \ - S 

1 

J 100 
S (ID - A)2 • S 

— [ 5 - ( 2 Z > - J ) - 5 ] 2 

T r ( 2 Z > - zf)2 l , (3) 

500 

23 

500 

5 = 2 , ^ s = pBH-g-S+S-\ — A)-S 

+ — [S-{2D-A)-S]2 

+ - T r ( 2 Z > - . ) 2 [ , (4) 



Table 1. Coefficients for the Zeeman. hyperfine and zero-field splitting contributions in the first-
order perturbative approximation. 

s 2 5 a ß y.2 — S2 ß2-f xß+ö2 

1/2 1/2 0 _ _ - _ _ 
1 1/2 1/2 0 0 1/2 

1 1/2 4/3 - 1 / 3 (5/3) (0) ( - 1 / 3 ) 
3/2 2/3 1/3 1/3 0 1/3 

3/2 1 5/4 - 1 / 4 3/2 0 - 1 / 4 
2 3/4 1/4 1/2 0 1/4 

5/2 2 7/6 - 1 / 6 4/3 0 - 1 / 6 
3 5/6 1/6 2/3 0 1/6 

7/2 3 9/8 - 1 / 8 5/4 0 - 1 / 8 
4 7/8 1/8 3/4 0 1/8 

1 1 0 
1 1/2 1/2 - 1 / 2 - 1 / 2 1 
2 1/2 1/2 1/6 1/6 1/3 

3/2 1/2 5/3 - 2 / 3 (5/2) (1/6) ( - 5 / 6 ) 
3/2 11/15 4/15 1/5 - 4 / 1 5 8/15 
5/2 3/5 2/5 3/10 1/10 3/10 

5/2 3/2 7/5 - 2 / 5 28/15 1/15 - 7 / 1 5 
5/2 31/35 4/35 23/35 - 4 / 3 5 8/35 
7/2 5/7 2/7 10/21 1/21 5/21 

7/2 5/2 9/7 - 2 / 7 45/28 1/28 - 9 / 2 8 
7/2 59/63 4/63 17/21 - 4 / 6 3 8/63 
9/2 7/9 2/9 7/12 1/36 7/36 

3/2 3/2 0 — _ — — 

1 1/2 1/2 - 6 / 5 - 6 / 5 r / K ) 
2 1/2 1/2 0 0 1/2 
3 1/2 1/2 1/5 1/5 3/10 

5/2 1 7/4 - 3 / 4 14/5 3/10 - 2 1 / 2 0 
2 11/12 1/12 10/21 - 5 / 1 4 37/84 
3 17/24 7/24 11/30 - 1 / 2 0 41/120 
4 5/8 3/8 5/14 3/28 15/56 

7/2 2 3/2 - 1 / 2 15/7 1/7 - 9 / 1 4 
3 1 0 5/6 - 1 / 6 1/6 
4 4/5 1/5 39/70 - 3 / 7 0 17/70 
5 7/10 3/10 7/15 1/15 7/30 

5/2 5/2 0 — — _ — — 

1 1/2 1/2 - 1 6 / 5 - 1 6 / 5 37/10 
2 1/2 1/2 -10 /21 -10 /21 41/42 
3 1/2 1/2 - 1 / 4 5 - 1 / 4 5 47/90 
4 1/2 1/2 1/7 1/7 5/14 
5 1/2 1/2 2/9 2/9 5/18 

7/2 1 9/4 - 5 / 4 9/2 1 - 9 / 4 
2 13/12 - 1 / 1 2 5/14 -17 /21 61/84 
3 19/24 5/24 1/4 - 1 / 3 13/24 
4 27/40 13/40 423/1540 -29 /385 1233/3080 
5 37/60 23/60 3/10 1/15 19/60 
6 7/12 5/12 7/22 5/33 35/132 

7/2 7/2 0 — — — - — 

1 1/2 1/2 - 6 - 6 13/2 
2 1/2 1/2 - 8 / 7 - 8 / 7 23/14 
3 1/2 1/2 - 1 / 3 - 1 / 3 5/6 
4 1/2 1/2 - 3 / 7 7 - 3 / 7 7 83/154 
5 1/2 1/2 4/39 4/39 31/78 
6 1/2 1/2 2/11 2/11 7/22 
7 1/2 1/2 3/13 3/13 7/26 



Table 2. Coefficients for the second-order corrections to the zero-field splitting term. 

s 2 
S y e c 1 A H V £ Q 

1/2 1/2 0 _ _ _ _ _ _ _ 
1 - 1 / 4 0 I) 0 1 4 0 0 - 1 / 4 0 

1 1/2 (1/6) (5/18) (5/18) ( - 7 / 1 8 ) ( - 7 / 1 8 ) ( - 7 / 1 8 ) (2/27) (2/27) (2/27) 
3/2 - 1 / 6 - 1 / 1 8 - 1 / 1 8 , - 1 / 1 8 - 1 / 1 8 - 1 / 1 8 ( - 2 / 2 7 ) ( - 2 / 2 7 ) ( - 2 / 2 7 ) 

3/2 1 1/8 3/16 3/16 - 1 / 4 - 1 / 4 - 1 / 4 1/32 1/32 1/32 
2 - 1 / 8 - 1 / 1 6 - 1 / 1 6 0 0 0 - 1 / 3 2 - 1 / 3 2 - 1 / 3 2 

5/2 2 1/12 1/9 1/9 - 5 / 3 6 - 5 / 3 6 - 5 / 3 6 1/108 1/108 1/108 
3 - 1 / 1 2 - 1 / 1 8 - 1 / 1 8 1/36 1/36 1/36 - 1 / 1 0 8 - 1 / 1 0 8 - 1 / 1 0 8 

7/2 3 1/16 5/64 5/64 - 3 / 3 2 - 3 / 3 2 - 3 / 3 2 1/256 1/256 1/256 
4 - 1 / 1 6 - 3 / 6 4 - 3 / 6 4 1/32 1/32 1/32 - 1 / 2 5 6 - 1 / 2 5 6 - 1 / 2 5 6 

1 1 0 
1 - 1 / 2 0 1/4 0 - 1 0 0 - 5 / 8 0 
2 - 1 / 6 0 - 1 / 1 2 - 1 / 1 8 0 0 1/54 - 1 / 2 4 0 

3/2 1/2 (5/12) (35/36) (25/36) ( - 6 5 / 3 6 ) ( - 3 5 / 3 6 ) ( - 4 9 / 3 6 ) (155/432) (5/27) (7/27) 
3/2 - 4 / 1 5 - 2 8 / 2 2 5 16/225 - 6 8 / 2 2 5 - 9 2 / 2 2 5 47/450 ( - 1 2 1 6 / 3 3 7 5 ) ( -544 /3375) ( -848 /3375) 
5/2 - 3 / 2 0 - 3 / 1 0 0 - 9 / 1 0 0 - 3 / 1 0 0 3/100 1/100 3/2000 - 3 / 1 2 5 - 1 / 1 2 5 

5/2 3/2 7/30 21/50 49/150 - 3 0 1 / 4 5 0 - 2 1 / 5 0 - 2 7 / 5 0 (11639/47250) (14/375) (6/125) 
5/2 - 4 / 3 5 - 1 0 8 / 1 2 2 5 16/1225 12/1225 - 1 7 2 / 1 2 2 5 - 6 4 / 1 2 2 5 - 1 0 4 3 4 / 4 2 8 7 5 -1184 /42875 -1808 /42875 
7/2 - 5 / 4 2 - 5 / 9 8 - 2 5 / 2 9 4 5/882 5/98 3/98 - 5 5 / 1 8 5 2 2 - 1 0 / 1 0 2 9 - 2 / 3 4 3 

7/2 5/2 9/56 99/392 81/392 - 1 8 / 4 9 - 9 9 / 3 9 2 - 1 2 1 / 3 9 2 855/43904 9/686 11/686 
7/2 - 4 / 6 3 - 2 2 0 / 3 9 6 9 16/3969 124/3969 - 2 8 4 / 3 9 6 9 - 6 4 / 3 9 6 9 - 4 2 8 8 / 2 5 0 0 4 7 -2080 /250047 -3152/250047 
9/2 - 7 / 7 2 - 3 5 / 6 4 8 - 4 9 / 6 4 8 7/324 35/648 25/648 - 2 1 7 / 9 3 3 1 2 - 7 / 1 4 5 8 - 5 / 1 4 5 8 

3/2 3/2 0 - - - - - - - - -

1 - 1 7 / 2 0 0 3/5 7/100 - 4 1 / 2 0 0 - 1 / 5 0 0 - 2 3 / 2 0 0 
2 - 1 / 4 0 0 - 1 / 4 - 1 / 4 0 1/12 - 1 / 1 2 0 
3 - 3 / 2 0 0 - 1 / 1 0 - 3 / 1 0 0 1/20 0 1/500 - 1 / 6 0 0 

5/2 1 21/40 21/16 63/80 - 2 7 3 / 1 0 0 - 2 1 / 2 0 - 7 / 4 1437/4000 21/160 7/32 
2 - 3 7 / 1 6 8 - 1 8 5 / 1 0 0 8 145/1008 - 7 4 / 4 4 1 - 3 2 / 6 3 - 2 0 / 6 3 -104269 /296352 - 5 8 9 / 6 0 4 8 -1195 /6048 
3 - 4 1 / 2 4 0 - 4 1 / 5 7 6 - 1 0 3 / 2 8 8 0 - 4 5 1 / 7 2 0 0 - 1 4 3 / 1 4 4 0 - 1 / 2 8 8 - 6 0 1 7 / 8 6 4 0 0 0 - 8 8 1 / 3 4 5 6 0 - 1 2 7 / 6 9 1 2 
4 - 1 5 / 1 1 2 - 1 5 / 4 4 8 - 4 5 / 4 4 8 - 1 5 / 1 5 6 8 15/224 5/224 - 1 1 7 / 2 6 3 4 2 4 - 1 5 / 1 7 9 2 - 5 / 1 7 9 2 

7/2 2 9/28 9/14 3/7 - 2 2 5 / 1 9 6 - 1 5 / 2 8 - 4 5 / 5 6 109/1372 1/28 3/56 
3 - 1 / 1 2 - 1 / 1 2 1/12 1/36 - 1 / 4 - 1 / 8 - 2 3 / 3 2 4 - 1 / 4 8 - 1 / 2 4 
4 - 5 1 / 4 2 0 - 5 1 / 7 0 0 - 2 7 / 7 0 0 17/4900 - 3 1 / 7 0 0 19/1400 - 1 2 7 7 / 1 7 1 5 0 0 - 1 4 3 / 1 4 0 0 0 - 6 7 / 7 0 0 0 
5 - 7 / 6 0 - 7 / 1 5 0 - 7 / 7 5 7/900 7/100 7/200 - 4 1 / 4 0 5 0 0 - 7 / 1 5 0 0 - 7 / 3 0 0 0 

5/2 5/2 0 - - - - - - - - -

1 - 3 7 / 2 0 0 8/5 18/25 - 1 0 1 / 2 0 0 - 1 8 / 8 7 5 - 5 3 / 2 0 0 
2 - 4 1 / 8 4 0 5/21 - 2 5 0 1 / 1 7 6 4 - 2 7 / 2 8 0 19127/37044 - 1 7 / 8 4 0 
3 - 4 7 / 1 8 0 0 1/90 - 2 3 0 3 / 8 1 0 0 - 1 7 / 6 0 0 7409/364500 - 2 / 4 5 0 
4 - 5 / 2 8 0 - 1 / 1 4 - 1 5 / 1 9 6 - 1 / 2 8 0 3/1372 - 1 / 7 0 0 
5 - 5 / 3 6 0 - 1 / 9 - 5 / 3 2 4 1/12 0 5/20412 - 1 / 1 8 0 0 

7/2 1 9/8 63/16 27/16 - 4 5 / 4 - 9 / 4 - 2 1 / 4 1683/1120 9/32 21/32 
2 - 6 1 / 1 6 8 - 6 1 / 1 4 4 457/1008 - 3 0 5 / 4 4 1 - 8 0 / 6 3 - 1 0 / 9 -435901 /296352 -1189 /6048 - 5 0 3 / 8 6 4 
3 - 1 3 / 4 8 - 9 1 / 5 7 6 61/576 - 9 1 / 2 8 8 - 1 3 9 / 2 8 8 - 3 5 / 2 8 8 - 1 0 4 9 / 3 4 5 6 0 - 3 7 3 / 6 9 1 2 - 4 1 3 / 6 9 1 2 
4 - 1233/6160 -1233 /17600 -2367 /123200 -570879 /4743200 - 9 9 6 3 / 6 1 6 0 0 - 3 7 / 8 8 0 0 -19822113/14609056000 -46953/2464000 -3847/352000 
5 - 1 9 / 1 2 0 - 1 3 3 / 3 6 0 0 - 2 8 1 / 3 6 0 0 - 1 9 / 4 5 0 - 1 / 4 5 0 7/450 - 3 7 / 7 5 6 0 0 0 -859 /108000 -287 /108000 
6 - 3 5 / 2 6 4 - 3 5 / 1 5 8 4 - 1 7 5 / 1 5 8 4 - 3 5 / 4 3 5 6 35/396 7/396 - 3 5 / 1 1 4 9 9 8 4 - 3 5 / 9 5 0 4 - 7 / 9 5 0 4 

7/2 7/2 0 - - - - - - - - -

1 - 1 3 / 4 0 3 11/4 - 3 7 / 4 0 - 1 1 / 1 4 0 - 1 9 / 4 0 
2 - 2 3 / 2 8 0 4/7 - 8 9 7 / 1 9 6 - 5 5 / 2 8 0 7159/4116 - 3 1 / 8 4 0 
3 - 5 / 1 2 0 1/6 - 3 5 / 3 6 - 3 / 4 0 1363/17820 - 1 / 1 2 0 
4 - 8 3 / 3 0 8 0 3/154 - 7 3 8 7 / 2 3 7 1 6 - 9 5 / 3 0 8 0 18721/1826132 - 4 3 / 1 5 4 0 0 
5 - 3 1 / 1 5 6 0 - 2 / 3 9 - 7 1 3 / 6 0 8 4 - 5 / 5 2 0 10025/4982796 - 3 / 2 6 0 0 
6 - 7 / 4 4 0 - 1 / 1 1 - 2 1 / 4 8 4 1/44 0 7/15972 - 5 / 9 2 4 0 
7 - 7 / 5 2 0 - 3 / 2 6 - 7 / 6 7 6 5/52 0 7/96668 - 1 / 3 6 4 0 



5 = 3 , ^ s = V B H - g - S + S - \ j D + ^ A \ - S 

S • (2D - A)2 • S 
+ y loo 

+ [ 5 - (2D-A) • S]2 

500 1 J 

21 
~250 

Tr ( 2 D - A)2) . (5) 

The application to an actual case requires the 
diagonalization of the three sub-matr ices of d imen-
sions 3 x 3 , 5 x 5 , and 7 x 7 which correspond to 
( 3 ) - ( 5 ) . For simplicity we avoid this process by 
discussing an already known case. An example has 
been reported by McPherson et al. [7] who consider 
pairs C r 3 + - C r 3 + obtained by doping with tr ivalent 
chromium divalent matr ices such as CsMgCl 3 . They 
fit the angular behaviours of the resonance 
magnetic fields by phenomenologica l sp in-hamil -
tonians of the proper complexity, i.e. they assume 
zero-field spin operators of m a x i m u m power two, 
four, and six to describe spectra corresponding to 
5 = 1 , 2 , and 3, respectively. It results that the four th 
power component plays an impor tan t role, partic-
ularly as concerns the 5 = 2 spectra. This fact can 
be well rationalized in terms of second-order con-
tributions f rom incomplete coupl ing be tween the 
ions. When a generalized axial symmetry along the 
chromium-chromium direct ion (z axis) is a ssumed . 
( 3 ) - ( 5 ) give for the empirical constants (Dz, F r ) 
tabulated in [7] the explicit expressions 

18 51 
F>, = D. + A.+ 

5 • 20 " 500 

3 3 (2 Dz-A:)2 

Di = — zl 
" 4 " 28 J 

27 (2 D:-A:y 

J 

Fi = 

27 (2D-- Az)2 

"28 J 

3 9 
Di = — D.+— A--

27 (2 D:-A:y 

Fi = 

5 " 20 " 1750 

81 (2D- - A-)2 

J 

3500 J 

(6) 

(7a) 

(7b) 

(8a) 

(8 b) 

where D- and A : are the axial values of the tensors 
D and A. As one can see, F 2 and F 3 result in the 
theoretical ratio 125/3. This (plus or minus a few-

units) is just the ratio which we systematically 
observe between the values reported in [7], T h e 
close agreement confirms that ( 3 ) - ( 5 ) may be con-
sidered an adequate description for many purposes . 
This example suggests to check in general the 
consistency of values among the four th power term 
coefficients as a test of validity for the second-order 
approach it-self. 

Another interesting property of the second-order 
treatment is that it allows to obtain the coupl ing 
constant J directly f rom resonance magnet ic field 
measurements. This can be immedia te ly seen by 
inspection of ( 6 ) - ( 8 ) . In a f irst-order app rox ima-
tion this is possible only on the basis of com-
paratively less accurate measurements of the var ia-
tion of EPR spectral intensities with t empera tu re . 
This fat, recently pointed out by Edgar [4], was one 
of the reasons to develop our generalized second-
order model. 

In the second example we have 5 , = 5/2, S2 = 1/2. 
Here, as in general in all cases of he teronuclear 
pairs, one has no reason to neglect a priori skew-
symmetric contributions to the exchange energy. 
Thus, the second-order sp in-hamil tonian opera tors 
spanning the two possible pair states become 

5 = 2 , ^ s = f i B H - \ j g l - j g 2 \ - S 

+ I r \ j A A - S + I 2 - \ - j A 2 } - S 

+ S - \ ~ D ] - — A\-S 

+ — (S • K • S — 2 T r K) 
J 12 

+ — [ ( 0 x S ) - ( 2 D , - J ) - S 

+ 5 - ( 2 Z ) , - z l ) - ( £ x 5 ) ] 

- — S(2D}-A)2S 
36 1 

+ [5 • (2Z), — z!) • 512 

108 J 

43 ,1 
+ Tr (2D } - A)2} , 

180 V ' 



5 = 3 , ^ s = MBH-(jg] + jg2
]j-S + / , • • I2 • • 5 + 5 - Ö , + j- j J • 5 

+ y | - - j j ( 5 - Ä - - 5 - 4 T r K) - - ^ [ ( ö x S) • (2D, - A) • 5 + S - ( 2 Z > , - d ) - ( ß x S ) ] 

An example of an EPR spectrum which conforms 
to (9). especially for what concerns the Zeeman 
and hyperfine interactions, is shown by the 
pair M n 2 + - C u 2 + in Mn doped Cu(pyridine 
N-oxide)Cl2 • H 2 0 complex [10, 11]. Unfortunately 
there is not evidence of measurable second-order 
effects which might allow a complete check of the 
theory. This, probably, is due to the large value of 
the isotropic exchange coupling. 

A more favourable case appears to be that of the 
pair M n 2 + - C u 2 + in Cu(prp)2en Mn(hfa)2 , where 
(prp)2en is the Schiff base formed by 2-hydroxy-
propiophenone and ethylenediamine, and hfa is 
hexafluoroacetylacetonate. Here, the zero-field 
splitting shows appreciable discrepances with 
respect to a first-order model [12]. In spite of this, 
the available experimental data are not sufficient to 
draw definite conclusions. In fact, one has no 
information about possible fourth power terms in 
the zero-field splitting operators. We may con-

5 = 1 / 2 , 

5 = 3 / 2 , 

jecture only. Thus, we observe that in the cited 
pyridine N-oxide complex the zero-field splitting 
interaction for the manganese-copper pair in the 
5 = 2 state and for the copper-copper host pair in the 
5 = 1 state are both of a bilinear nature (as said) 
and characterized by tensors approximately equi-
axial with values in the ratio 1/3 [10]. One of the 
possibilities to account for this is to set D, ~ 0 and 
Q 0, making the assumption that the value of A 
for the two pairs are comparable. The resulting 
formulas seem to agree qualitatively with the avail-
able data for Cu(prp)2en Mn(hfa)2 . In fact, in this 

approximation the residual second-order corrections 
should affect the bilinear zero-field contributions rel-
ative to the 5 = 2 and 5 = 3 states by amounts in 
the theoretical ratio of 5 to 1. This is roughly 
the observed ratio in the direction of maximum zero-
field splitting if one assumes as value of the first-
order part (-g- A-_) the splitting for 5 = 2 measured in 
the pyridine N-oxide complex. The assumption 
seems not unreasonable in view, as said, of the 
probable large value of the coupling constant J for 
the manganese-copper pair in that compound. 
Despite the encouraging agreement, we think that 
this is not the only possible interpretation and that 
Q and particularly Z), may play an important role. It 
is possible to conclude, however, that the available 
experimental data are not incompatible with the 
proposed model. 

As the last application, we limit ourselves to write 
the spin-hamiltonians spanning the two possible 
total spin multiplets of a pair with 5, = 1, 5 2 = 1/2: 

A final remark may be made about the adopted 
form for the zero-field splitting operators. Equa-
tions (A2), (3 ) - (5 ) , (9) — (12) seem to raise the 
question whether the more advantageous form is 
the present one in terms of cartesian tensors or the 
more usual one in terms of equivalent operators. 
Apart from the fact that in principle it is possible to 
change from one to the other, we note that the 
second form is more suitable to investigate quali-
tatively different contributions to the angular 
behaviour of levels and resonance fields. The first 
one, on the contrary, has two advantages. It displays 

A, -S+/,-\--A, \S 

+ 

(11) 

6 

J _ 
1~8 

— \S-K-S Tr A" — [(Qx S)- (2D]~ A) • 5 + 5 • (2Z>, - A) • (Q x 5)] 
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S • (2DX — A)1 • S - — T r ( 2 D , - z l ) 2 (12) 



the role of each tensorial term considered as a 
whole and it can be immedia te ly related to an 
arbitrary assumed reference f rame. This possibility 
appears to be a favourable point. In fact, it may 
allow to give general criteria, such as the well 
known three planes methods [13], for deduc ing the 
tensorial constants which appea r in the fourth 
power spin-hamil tonian terms. A work in this sense 
is in progress. 
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Appendix 

Second-Order Spin-Hamiltonians 
for the Single S-Multiplets 

We consider ions in singlet orbital ground-sta tes 
for which, as known, the magnet ic proper t ies are 
essentially of a spin-only nature. The pai r energy, 
then, can be written in the general tensorial fo rm 

^ f i s H - g r S x + S r D r S ^ I r A r S , 

+ HbH • g2- S2 + S2- D2 s2+ I2 A2- S2 

+ J 5 , - S2+ Q S , x S 2 + 5 , - A • S2, (A. 1) 

w here D, . D-> and A are traceless. The first six terms 

represent the local energies and account for the 
Zeeman. fine and hyperf ine interactions of the two 
ions. The remaining terms represent the interact ion 
between the ions and consist of an isotropic con-
tribution (assumed as the preponderan t par t ) and of 
two anisotropic contributions (skew-symmetr ic and 
symmetric, respectively) to the exchange energy. 
Biquadratic and higher-order exchange and ex-
change striction are neglected as mino r cont r ibu-
tions [14]. 

For large values of the isotropic exchange the 
spin 5] and S 2 couple to give a n u m b e r of mul t i -
plets characterized by total spin values 

5 , - 5 2 5, + 5 2 . In this l imit the EPR 
properties can. as known, be conveniently descr ibed 
in terms of effective spin-hamil tonian opera tors 
which span the levels within each single 5 -mul t i -
plet. These operators are usually der ived on the 
basis of a first-order per turbat ive t rea tment with 
respect to the isotropic exchange energy [2, 3], In [1] 
we have proposed a modif icat ion of such a single-
multiplet formalism in which the possible inter-
actions among different 5-mul t ip le ts were taken 
into account with the second-order a p p r o x i m a t i o n 
of the perturbation theory [5], If we neglect addi t ive 
constants, which affect the mult iplet levels as a 
whole and therefore do not give observable EPR 
effects, the result is 

^ s = MBH-(xg]+ßg2)-S+I] • (y.A}) • S + Z2 (ßA2) • S + S • ((y2 - ö2) D} + (ß2 - ö2) D2 +(yß+ö2)A) • S 

+ e[(Q x S) • (Z), + D2- A) • S + S • (Z), + D2- A) • (Q x 5 ) ] + 
Tr A' 

S K S — S(S+ 1) 
J I 3 

+ C[((?x S) (Z), - D2) S + S (D, - D2) • (Q x S)] + // 

Tr (D\ + D2 — A)2 

S (Z), + D2- A)2 S 

S(S+ 1) + /. s-(D, - D2)2-S-Tr(D>-1)2)2 S(S+1 

+ // [S • ((Z), - D2) (Z>, + Z)2 - zl) + (Z), + D2 - A) (Z), - D2)) • S 

- j Tr ((Z), - Z)2) (Z), + Z)2 - zl)) • 5 ( S + 1)] 

+ v 

+ c 

+ p 

(S - (Z) , + Z ) 2 - A ) - S ) 2 -
Tr (Z)| + P 2 - A ) 2 

30 
• 5 ( 5 + 1) ( 2 5 — 1) ( 2 5 + 3) 

TTr ( / ) jy ^ 
( 5 • (Z), — D2) • 5 ) 2 2 - 5 ( 5 + 1) ( 2 5 - 1) ( 2 5 + 3) 

( 5 (Z), + D2- A) 5 ) ( 5 • (Z), - Z)2) • S) + ( 5 - (Z), - Z>2) • 5 ) (S • (Z>, + D2 - A) • S) 

Tr((Z>| — P2) (D\ + Z ) 2 - A)) 

15 
• 5 ( 5 + 1) ( 2 5 — 1) ( 2 5 + 3) (A.2) 



where 

K = 
Ql Q, Qv Qx Q, 
QxQv Ql QvQ: 

L Q, Q: QVQ; Q] 

and, for convenience, each second-order term is 
made traceless singularly. The coeff icients are 
defined in (1). 

In the limit J = oc, (A.2) gives the well known 
first-order expression proposed by Owen [2] for the 
case Si = S 2 and extended by C h a o [3] to a rb i t ra ry 
spin values. The second-order t rea tment of the zero-
field splitting introduces spin opera tors of the usual 
bilinear form, and, characteristically, also four th 
power spin operators. It is to be noted, however , tha t 
such terms are not equally effect ive for each value 
of the total spin. In fact, as ment ioned in [1], one 
verifies the equalities 

where the matrix elements are 

D'xx = 2 Diyz Diy: - (Diyv Dj:z + Di:: Djyy) 

(A.3) D'xy = /),-_- DjXy + Dixy Dr-

-(Dix:Diy:+Diy:Djx:), e t c . ; 

S = 3/2 , (S • D, S)(S Di • S) + ( S • D} • S) 

Tr D D, 

S= 1 /2 , S D, S = 0 (Di is an arbi t rary tensor 
supposed symmetr ic and 
t race less) ; (A.4) 

S = 1 , (S • D, • S) (S • D, • S) + (S • D, • S) 

• (S • Dj - S) — 

S ( S + 1) ( 2 S 
15 

1) ( 2 S + 3) = 0 . (A.6) 

Equations for terms like (S • Z), • S ) 2 are, as obvious, 
immediately deduced f rom these by setting i = j. 

As a consequence, apar t f rom the trivial case 
S = 1/2, when S = 1 or 3/2 it is possible to reduce 
our second-order expressions for the zero-field 
splitting to a more conventional bi l inear form. 
When S = 3 / 2 , this reduction is automat ic . This is 
in line with the well known rule that the descr ipt ion 
of a manifold of spins S needs spin opera tors of 
power not greater than 2S . It follows that only for 
S ^ 2 specific fourth power spin opera tors may be 
necessary. 

Tr Dj Dj 
(S D, S) - S ( S + 1 ) ( 2 S - l ) ( 2 S + 3) = -

Tr D' 
S D' S S ( S + 1) (A.5) 

[1] E. Buluggiu,! Phys. Chem. Solids 43,997 (1982). 
[2] J. Owen. J. Appl. Phys. Suppl. 32,213 S (1961). 
[3] C. C. Chao, J. Magn. Resonance 10, 1 (1973). For a 

minor error present in the formalism see, for example, 
R. P. Scarinee, D. J. Hodgson, and W. E. Hartfield, 
Molec. Phys. 35, 701 (1978). The correct formulas 
were also given by E. Buluggiu and A. Vera, 
Z. Naturforsch. 31 a, 911 (1976). 

[4] A. Edgar. J. Phys. C: Solid St. Phys. 11, L 489 (1978). 
[5] It is to be remembered that in our formulas we 

neglected as minor corrections the second-order 
contributions arising from Zeeman and hyperfine 
off-diagonal terms. 

[6] J. Owen and E. A. Harris, Electron Paramagnetic 
Resonance. S. Geschwind Ed., Plenum Press, New 
York 1972. 

[7] G. L. McPherson, W. Heung, and J. J. Barraza, J. 
Amer. Chem. Soc. 100,469 (1978). See also Refs. [8, 9], 

[8] S. R. P. Smith and J. Owen. J. Phys. C: Solid St. 
Phys. 4,1399(1971). 

[9] A. J. B. Codling and B. Henderson. J. Phys. C: Solid 
St. Phys. 4,1409^(1971). 

[10] E. Buluggiu, J. Phys. Chem. Solids 41, 43 (1980); 
E. Buluggiu, J. Phys. Chem. Solids 41, 1175 (1980). 

[11] J. A. Paulson, D. A. Krost, G. L. McPherson, R. D. 
Rogers, and J. L. Atwood, Inorg. Chem. 19, 2519 
(1980). 

[12] L. Banci, A. Bencini, and D. Gatteschi, Inorg. Chem. 
20,2734 (1981). 

[13] See for example: J. E. Geusic and L. C. Brown, Phys. 
Rev. 112, 64 (1958); A. Lund and T. Vännggärd, 
J. Chem. Phys. 42, 2979 (1965); E. Buluggiu and 
A. Vera, J. Magn. Resonance 41, 195 (1980). 

[14] In the strong and very strong exchange limits, 
however, contributions from these sources may be 
observed, see for example E. A. Harris, J. Phys. C. 
5, 338 (1972). When this is the case, a proper 
extension of the theory becomes necessary. 


